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Thus far, nutation control and spin inversion maneuvers have been treated from different perspectives for the
stabilization of spinning spacecraft. This paper tackles these problems in a unified framework by applying a
predictive control for minor-axis spinners with a transverse wheel. Predictive control seeks a control input
minimizing a cost function in the form of the weighted sum of predicted output and control effort. The two-step design
approach of the proposed application defines the cost as 1) angular momentum only on the orthogonal plane to the
minor axis and 2) angular momentum augmenting the error of the desired minor axis. Corresponding weight
parameters are designed based upon physical meanings, and a final desired state or online time-varying trajectory is
suggested as a reference for successful and effective control. Both control laws are shown to be essentially globally
stable about the minor-axis spin, including flat-spin recovery. However, while the final polarity of the first is
unpredictable, the second is capable of spin direction control enabling inversion maneuvers. Simulation results also
verify robustness of the proposed controllers against assumable system uncertainties.

Nomenclature
a = reaction wheel axis vector
B = spacecraft body frame; (b, b,, b;)
c = nonlinear output function of x
ch = cosf
ey, ey> = predictive control input voltages for systems in
ewn general and of relative degrees 1 and 2, V

€maxs €min maximum and minimum input voltages, V

1.8 = nonlinear system and control transition functions
of x

H, H = angular momentum and angular momentum
magnitude, kg - m?/s

h = prediction time step, s

I = total moment of inertia of the spacecraft and the
wheel except for Ka; diag(1,, I, I;), kg - m?

1(1) = characteristic parameter, kg - m?

J, J, I, = predictive control cost functions for systems in
general and of relative degrees 1 and 2

K = wheel moment of inertia about the a axis, kg - m?

L = Lie derivative

N = wheel motor torque constant, N - m/A

0,0y, 0, = predictive control output weight matrices for
systems in general and of relative degrees 1 and 2

R = armature resistance,

r(C R") = output reference trajectory

s6 = sinf

T = kinetic energy, N - m

t = time,s

u(C R?) = control input vector

W, w = control input weight matrix and transformed
control input weight parameter

x(C R™) = state variable vector

y(C R") = output vector

b4 = nonlinear function
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o; = linear control feedback coefficients, i is equal to 1,
2, and 4

y = relative degree

Aw} = w3 -wgref

n = vector normal to &; (1, 12, 74)7

0 = reaction wheel alignment angle from b, axis, rad

K = linear control feedback gain

A = nonlinear function

His Vi = equilibrium point solutions, i is equal to 1 and 4

o, = (01,05,09)7

o; = equilibrium points; i is equal to 1 to 4

P = closed-loop system matrix except for w;

© = nutation angle, rad

Q = absolute rotating speed of the wheel, rad/s

® = body angular velocity vector, rad/s; (w;, ®,, w3)T

w = relative rotating speed of the wheel with respect to
the spacecraft, rad/s

wP = Ws using the characteristic parameter

a)grcf = w3ref(t + h)

Subscripts

b = body

f = final state

ref = reference

true = true parameter values

0 = initial condition

1. Introduction

HEN a spinning body is required to be aligned along a certain

desired direction, one main concern is the degree of
misalignment, known as nutation. The objective of nutation control
of spin-stabilized spacecraft is to control the spacecraft to spin about
a desired body axis by reducing the nutation angle to zero.

Spins about major and minor axes are dynamically stable, while
intermediate axis spin is unstable [1]. In the presence of energy
dissipation, however, only the major-axis spin is stable, which means
that minor and intermediate axis spinners require an active control to
stabilize while the major spinner usually adopts a passive damper
when faster nutation damping is desired via aggressive energy
dissipation. The single-axis spin stabilization method has restricted
applications, since a spinning spacecraft offers limited mission
diversity. Because of its simplicity and low cost, however, spin
stabilization attitude control is still employed in small spacecraft
applications and upper stage orbit insertion maneuvers [2].
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From the perspective of control simplicity, major-axis spin may be
favored. Meanwhile, minor-axis spin is advantageous, since prolate
arrangement of spacecraft in a launch vehicle is more volume
effective. Also, minor spin is proper and preferred if long payloads
such as cameras and antenna necessitate their alignment in the spin
direction. In this case, spin polarity, which can be either parallel or
antiparallel, is important for payload operation. It is also noteworthy
that a spin inversion maneuver can extend the lifetime of satellites by
protecting payloads and structures from solar radiation by peri-
odically inverting their exposed faces [3-5]. Furthermore, if spin
inversion can be performed by a momentum storage device such as a
reaction wheel, then the huge fuel expenditures necessary to achieve
spin inversion through the use of thrusters may be avoided [6].

Prior works have treated nutation control and spin inversion
separately. Devey et al. [7] solved when and how thrusters should be
fired for nutation control spinning about the minor axis, assuming the
nutation angle was very small. Reference [8] used a single transverse
wheel to affect spin about the intermediate axis using a linear
feedback control law. In addition to classical linear controls, a variety
of nonlinear control theories such as feedback linearization [9],
artificial neural networks [10], and backstepping control [11] have
been applied to achieve momentum transfer control about the minor
axis from the body to a reaction wheel. Marshall and Tsiotras [12]
treated angular velocity stabilization using a single-gimbal variable-
speed control moment gyro (VSCMG). The Lyapunov-based state
feedback control globally asymptotically stabilized the spacecraft
system. However, adopting a VSCMG took advantage of two
degrees of freedom in generating control input. Zhang et al. [13]
solved spin-axis stabilization of spacecraft under sinusoidal
disturbance torques. However, thrusters were facilitated as actuators
in two axes. Holden and Lawrence in [14] and Lawrence and Holden
[2] explored nutation control of spin-stabilized spacecraft with a
single transverse reaction wheel via the Lyapunov approach. Except
in very narrow unstable regions, the Lyapunov control was shown to
be essentially globally stable. However, it was mentioned that an
inverted turn was not avoidable, depending on how the state trajec-
tory left the unstable equilibrium. The solution in [2] is essentially
swapping and rotating the equilibrium points, thus rendering the
approach incapable of distinguishing an inverted turn from a
noninverted one still having two stable equilibria.

Spin inversion control, which achieves a 180° nutation angle
relative to the initial orientation, can be pursued both as a solution to
resolve the issue preventing the inverted turn in nutation control and
as one of the large angle orientation control maneuvers. Rahn and
Barba [5] investigated spin orientation control by thruster firing
while spin axis changed from the minor to the major axes. Beachley
and Uicker [3] and Beachley [4] proposed a satellite inversion system
that rearranged the mass property of a spacecraft with the possibility
of mechanical malfunction or induced jitter in the spacecraft body.
Utilization of a reaction wheel for spin inversion control is highly
advantageous in terms of fuel consumption, launch cost, operational
life, and maintaining a low level of induced disturbances [6]. Fong
proposed, in [6], a spin inversion control scheme that operated via the
product of inertia coupling of a mounted rotor, but the intentional
asymmetry of the rotor may give rise to undesired additional
nutational motion of the body. Based on the development in [§],
which makes use of the directional instability of an intermediate axis,
Fowell [15] disclosed a spin inversion control law using a transverse
reaction wheel rotating about an intermediate axis. However, the
intermediate axis has hardly been selected for the vehicle spin axis.

The dynamics of the spinning spacecraft with a reaction wheel are
closely related to that of the dual-spin spacecraft. Even though the
dynamics of a spinning body are a classical problem, many
researchers have investigated the dynamics of gyrostats consisting of
two rigid bodies: spinup dynamics [16], resonant motion [17], escape
from trapped states [18,19], etc. The resonant motion of a spinning
body is a residual nutational motion due to imbalance of a rigid body
or thruster firing. Resonance capture or trapped states are large angle
nutational motions similar to the flat spin. Most difficulties in finding
analytic solutions of dual-spin spacecraft arise from uncertainties and
dynamic complexities such as inertia asymmetry and small rotor

imbalance. How to find equilibrium points and periodic solutions by
numerical continuation methods were also presented in [20,21].
These results revealed a better understanding about characteristics of
dual-spin spacecraft. However, there is still a need for implementing
a closed-loop control law.

A predictive control approach is applied in order to solve the
essentially globally stable nutation control problem. Lu first devised
a nonlinear predictive control for continuous systems [22] using
nonlinear function approximation. Thereafter, predictive control has
successfully been applied to nonlinear control problems [23-25]. It
provides a real-time reference tracking control, and it shares the same
properties with feedback linearization in an ideal case. It is also a
suboptimal control for only a designed prediction horizon. Predictive
control enables us to deal with the nutation control as a nonlinear
feedback control.

Based on a predictive control approach, this study provides a
unified solution for nutation control and spin orientation control
simultaneously through corresponding reference trajectories using a
single transverse reaction wheel. Various predictive nutation control
laws can be established by properly selecting design parameters such
as output variables, reference trajectories, control and output
weights, and the prediction time step. By designing the cost function
in terms of angular momentum error with respect to a desired
reference condition, the proposed nonlinear feedback control law can
excite the system periodically to recover from the flat spin or to
escape from unwanted spin orientation for a transition to a desired
axis spin. Rendering only one desired equilibrium stable among six
and rendering others unstable guarantees essentially global
asymptotical stability without unwanted inverted turns. This is an
important part of successful spin inversion that distinguishes this
paper from the previous works. Analysis of closed-loop equilibrium
points is also presented in order to verify the essential global stability.

This paper is organized as follows: spacecraft dynamics and
problem description are briefly introduced in Sec. II, and a review of
predictive control is presented in Sec. III. Section IV shows how to
solve nutation control using the predictive control approach by
designing control parameters minimizing body angular momentum
and appropriate reference trajectories in two design steps.
Equilibrium points of the closed-loop system for each control law
are found, and the stability of the equilibrium points is investigated.
Examples for flat-spin recovery and the spin inversion maneuver are
also illustrated in Sec. IV to verify the proposed control laws via
numerical simulations.

II. Spacecraft Dynamics

In this study, we deal with nutation control using a single
transverse reaction wheel [2]. Among the spacecraft body frame
axes, b; is assumed as a minor principal axis. A reaction wheel is
mounted on the spacecraft and is aligned in a direction with 6 from
the b, axis on the b, b, plane, as illustrated in Fig. 1. The vector a is
assumed to not be parallel with any of the principal axes.

The total angular momentum of the spacecraft and the wheel is
given in the form

H =10 + KQa ()

where the relationship of the absolute wheel speed and the relative
wheel speed with respect to the spacecraft is

b,

Fig. 1 Spacecraft body axes and reaction wheel alignment.
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Q=w-a+w 2
The rotational kinetic energy of the system is expressed as [20]
T =lo"o +iKQ? 3)

Assuming there is no external torque, the total angular momentum
is conserved according to the angular momentum principle, which
can be expressed such that

d Bq

0=—H=—H H
Gl T tex

In terms of body angular velocity vector,
® =—I3'[ x (I;w + KQa) + KQa] )

The reaction wheel is assumed to be controlled by a voltage-fed
permanent-magnet dc motor [27], so we have

. N

Therefore, the input voltage e, is a scalar control input. It is assumed
that the input voltage is saturated such that

e for e
sat (ey) = { max M

2 emax (6)
€min  fOr €y <

€min

Equations (4) and (5) with the relationship (2) constitute the
equation of motion of spacecraft for nutation control. By the first
term in Eq. (), energy is dissipated by the motor armature resistance
[2]. The spacecraft equations of motion in Egs. (4) and (5) are
rewritten as

[w} 15! {w x (I;0 + KQa) + % (aa")o _Nggza}
¢ g—;wTa—g—;Q
_I;'Ng
+|: BNR j|eM -
KR
In a scalar form,
. N%cH Ncb
Lo, = (I, — [)w,w; + KsBw; Q2 + ¢ w_TfeM
=hLfi+1igen
. N2s6 Ns6
L, = (I; — I,)w;0, — Ky 2 + RS w_TfeM

=DhLfs+ hgey
I3d)3 = (Il — 12)(1)1(1)2 + KQ(CQC()z — 59(1)1) = I3f3

. N? N
KQ=—TW+E6M=Kf4+K84€M ®)
where
Q=w+ w;ch + w,s0 )

It is assumed that I; > I,(>1;) in order to cover spacecraft with
asymmetric axes without loss of generality. For the purpose of
numerical verification of the analyses, each parameter assumed is
listed in Table 1 [2].

Now, the desired final state of nutation and spin inversion control
about the minor axis from an arbitrary initial condition is specified by

(wlvavavQ)}- = (0,0, w3va)T (10)

Table 1 An example of spacecraft parameters

Parameter Value, kg m? Parameter Value

I, 8.1942 9 0.4398 rad
I 6.9718 N 0.1 Nm/A
I 4.6130 R 0.5Q

K 0.0077

Nutation is a general term describing a rotational motion that the
instantaneous rotation axis of the body is not aligned with a principal
axis [1]. Recovery from flat spin and inversion of spin direction are
special but extreme cases of nutation control. The nutation angle for
the b5 axis as the reference is defined by

@ =cos™! ]
H,

Since the reference axis in this study is the minor axis, the major-axis
spin (or a flat spin) and a spin about the intermediate axis are
undesired states. Even though the nutation angle is a widely used
measure quantifying the magnitude of a nutational motion, it is not
appropriate to discriminate flat-spin states. Spins about each
principal axis are classified by the ratio of the angular momentum and
the rotational kinetic energy: namely, a characteristic parameter
[5.26]
2
=52
2T,

[I; <1(r) = 1] (11)
If I(#) > I,, the vehicle is in a flat-spin condition. Recovery from the
flat spin implies in this problem I(f) decreases less than the
bifurcation value I,, and it becomes closer to I5. I(¢), however, is
identical for both positive and negative spins. Therefore, the nutation
angle or the sign of w; must be taken into account in order to deal with
inversion of the spinning direction from the unwanted negative or
positive spin to the desired polarity. Figure 2 illustrates a family of
angular momentum traces, polhodes, and the spin states of a rigid
body with the moment of inertia in Table 1 on the momentum sphere.
The polhodes of the spacecraft body will be open paths under the
interaction with the reaction wheel.

III. Review of Predictive Control

Predictive control is first briefly reviewed in this section before
applied to the nutation control problem. This approach is basically a
high gain feedback control obtained by approximate nonlinear
function expansions similar to feedback linearization. The feedback
linearization approach assumes a perfectly known system model so
that the control input has no proper physical meaning under condi-
tions of model uncertainty and control input saturation. Meanwhile,

Flat Spin
(I<1(t)<l,)

Flat Spin \
(I<I)<l,)

Negative Spin (I(t)<|2)

Fig. 2 Polhodes (solid lines) and spin states on the momentum sphere
with principal axis spins (squares).
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predictive control is known to have obviousness and robustness, even
in those cases.
Let us assume a nonlinear system such as

X(0) = fIx(O] + glx@]u(n);  y@O) =cx(0] (12

This system is affine in control input u(#). The objective of predictive
control is to make the output of the system follow a predesigned
reference trajectory r(f) by designing an appropriate control input
u(t). The control u(t) is determined by minimizing the cost function
in the form of the weighted sum of the predicted output error at time
t + h and the control effort, such as

Jx(2), u(®)] =3[y (t + h) — r(z + W) Qy(t + h)
—r(t+ h)] + su" ()Wu(r) (13)

where Q > 0, W > 0, and & > 0.

Output weight matrix O may serve as an output selector by
assigning zero to proper diagonal elements. To determine u(%),
r(t+ h) and y(t+ h) should be provided. While r(¢+ h) is
supposed to be a predesigned function, y(¢ + &) should be properly
predicted. Since the cost function is in a quadratic form of the
predicted output, it is a convex function of the control input if the
predicted output is linearly expressed by the control input. Since the
predicted output is not yet actually produced, it may be predicted best
by using its model in Eq. (12). Therefore, the predicted output is
approximated in an affine form with respect to the control input. Let
us first define a relative degree y;(i=1,...,n) as the order of
differentiation of output y;(f) until it is first written in terms of u().
Unless there are zero dynamics, the relative degree always exists
because the system is assumed to be affine. However, each relative
degree for each output component may be different. By Taylor series
expansions of the output to the relative degree using the Lie
derivative, we have

y,(r+h>~y,(r)+2 ,dt,yl<)~y(r)+z[x(t) h]
,-[X(t),h]u(t); i=1,2,--,n (14)
where

o~ J j .
ZiZZ]:FLf(Ci); Lf(Ci)zci for j =0;

J=
Li(c) = 7(C)f for j > 1;
Ale(), h] = W{Lgl[Lﬁf*%caL Lo [LF (el

Vi*l

gk[L_yl (C)] 8ks kzl»,P

and g, is the kth column of g(x).

By inserting Eq. (14) into Eq. (13), we obtain a quadratic cost
function in terms of control u(f). We can find the optimal control
solution by dJ/du = 0 as

u(t) = —{ATQA + WiHATQ[y (1) — 2[x(1). h] — r(t + W]}
(15)

Now, one-step-ahead predictive control is applied to nutation control
problems in the following section.

IV. Predictive Nutation Control
Comparing Eq. (7) with Eq. (12), it follows that

—Ig! {w x (Izw + KQa) + NTf(aaT)w —%Qa}

N _ N
w a— 2

—I;'%a
g=[ V- } (16)
KR

From Eq. (16), the relative degree y; (i =1, 2, 4) is equal to 1.
Since the wheel lies on the b, b, plane, the relative degree between w;
and ey, () is equal to two. Selection of the output, therefore, will
result in different control characteristics. In this section, we design
and analyze nutation control laws by two steps: 1) using only outputs
of the relative degree 1 and 2) using all four outputs, including w; of
the relative degree 2.

A. Design Step 1: Using Only Outputs of the Relative Degree 1

A strategy to select weight parameters is the key to implementing
the predictive nutation control. How to design the weight matrices
was not clearly addressed in the predictive control theory and
application studies [22-25]. This study proposes output and control
weight selection based on the dynamic characteristics of a spinning
body. Spins about each principal axis possess different kinetic energy
levels for the same magnitude of angular momentum. Since minor-
axis spin has the highest energy level and major-axis spin has the
lowest, minor-axis spin can be achieved by providing more kinetic
energy to the body. It may be realized by finding the control input
maximizing the rotational energy of the body, or the opposite strategy
may be adopted to design a control input minimizing the body
angular momentum. Since a reaction wheel is the only actuator
assumed in the absence of external torques, the body angular
momentum may change while the total angular momentum is
conserved. Therefore, the second approach is also applicable.
According to the predictive control strategy, we seek to minimize the
angular momentum other than the desired minor axis by defining
y = (0, w,, )T, r(t) = (0,0,0)7, and

o 0
0 0 K?

As aresult, the cost function in Eq. (13) becomes

Jy =L (t + )Y + {hLoy(t + b))} + {KQUr + )} + Wey]

a7

which minimizes the angular momentum of the body in the
transverse direction with a minimum control input.

Note that W works as an alleviating parameter of control energy. If
W = 0, the inverse of the prediction time step & becomes an output
error feedback gain [22]. Otherwise, the ratio of W to h eases the
feedback gain. To make the effects of W and 4 clearer, we attempt to
redefine W as

W:hz%w; w>0 (18)

where w is nondimensional. This transformation is reasonable, since
the longer the prediction step, the less control effort is necessary,
which implies that a largerW is required.

Accordingly, the predictive control law in Eq. (15) is obtained as

R 1
eMl(t) = _m |:E (—I|a)|69 — Iza)zs@ + KQ)

2N?
+ 1=, — L)w,wsc + (I, —13)a)la)3s9—7w (19)
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In Eq. (19), the control input consists of two parts: the first-order
and the second-order feedback terms, among which % determines
only how much the first-order terms are fed back. The longer the
prediction step, the less the first-order terms are fed back, since linear
approximation becomes less accurate. Therefore, the amount of the
nonlinear second-order feedback becomes larger than that of the first
order. On the other hand, the control weight parameter w adjusts the
overall control scale. Selecting appropriate w avoids an excessive
control input being delivered to the system when a small prediction
step may induce unnecessary control effort. The combination of the
first-order and the second-order terms essentially constitutes a
proportional and differential feedback control with the time constant
h. Consequently, its convergence speed is faster than that of the linear
feedback only. Apparently, w; in the second-order terms accelerates
spin transition due to the conservation of the total angular
momentum.

Note that the definition of the cost function in Eq. (17) is incapable
of distinguishing the sign of ws;. Therefore, it is predictable that
recovery from a flat spin will be possible, but an inverted turn may be
unavoidable, as the Lyapunov-based linear feedback control
established by Lawrence and Holden in [2]. This issue is resolved by
augmenting the cost function with the w; prediction later in the next
section. Let us refer to the control law in Eq. (19) as PNC1 (predictive
nutation controller 1) hereafter.

1. Stability Analysis of the Control Law

When a dynamic system is fully actuated (i.e., when n = p), the
dynamics of the closed-loop system of the output error under the
predictive control law in Eq. (15) with W = 0 are ideally rearranged
with stable polynomials. This nutation control system, however, has
n > p, so that the closed-loop dynamics are rather complicated. For
stability analysis of the closed-loop system with PNCI1, the
equilibrium points are obtained by solving Egs. (4) and (5):

o xH=0 (20)

—Nw=0 @n

Assuming a nonzero angular momentum, @ and H are parallel
vectors [28], and the wheel is stuck in balance between the dissipated
energy and the voltage input for nontrivial solutions. Since Egs. (20)
and (21) are expanded in a complicated form, we seek to obtain the
equilibrium points in two steps: 1) w; =0 and 2) w; # 0 for the
initially given angular momentum magnitude H,,.

For step 1, substituting w; = 0 into Eq. (20) reduces in terms of o;
to

(I, — I)0,05 + Koy(0,c0 — 0,560) =0 (22)
Equation (21) is also simplified as
n-0=0 (23)

where

— ﬁ_’_w_]\/z 9 ]2+w_j\/2 6 K+w_1\/2 !
T=I TR h U\ E TR

which always yields two different real roots with the two solutions
denoted as 0; = u,;0, ando; = v;0, (i = 1, 4), respectively. Finally,
four equilibria are obtained: =(u,0,,0,,0, 1us0,)7 and
+(v,0,,0,,0,v,0,)T, where 0, is determined by the angular
momentum constraint of the given H,,.

For step 2), we can establish a closed-loop system equation by
substituting Eq. (19) into Eq. (8) that, except for the third equation,
constitutes linear dynamics for which the system matrix contains ws:

Lav=la -1 cOs6 B 20 _N2629 w
A\ T 2 T kw2 T TR w2
20 cOs6
+{(12_13)(1_w+2)w3_h(w+2) 2
N269s49 w + L ksbo + cO K
R w+2[“? SO T hw + 2)
2
N?ch) w } (24)
R w+2

) 526 cBsh
Lw, = {—(11 —13)(1 “w +2)CU3 _h(w—|—2)11

N269s9 w (-1 cOs6 o — cOs6
R w+2[” Vw2 hw+2)
N%s20 w 56
- — —Kcbws +—2 K
R w+2}“’2+{ st w1 2)
N%sO w
—_— 2
R w+2} (25)
Loy = (I} — L)w,w, + KQ(w,c0 — w,50) (26)
. 50 cO N%cH w
KQ=3—-(,—-1
{ =)ot i YR w+2}“’1
ch s0 N%sO w
+{(12_I3)w+2w3+w+2 2 R w—i—2}a)2
1 N? w
S QU S o' 27
+{ h(w +2) Rw+2} @7)

Equations (24), (25), and (27) can be expressed in the form of
0 = ®(w;)o. Eigenvalue analysis indicates that & has nonzero
eigenvalues and is invertible only if w; # 0, so that & =0 and

= H,/I; under the angular momentum constraint. Therefore,
(0 0, +H,/1I5,0)7 are also equlhbrlum points.

From steps 1 and 2, there are six equilibrium points, among which
the four equilibria found in step 1 are all unstable, and the other two
are stable. The characteristic equation of @ has at least one of the
nonnegative eigenvalues when

— Iz)[’;CGS@

0= = Ww(l, — L)(I, — I;) + 21 12 — (1 + 2OLL — (1 + 201, + 12}

Then, combining Egs. (22) and (23), it follows that
I, wN? 0,0, I,  wN¥ , I, wN?
—_— — %0 — )50
(h+R)+60s8 AR )T TR

+11—12 5+wN2 3 12+wN2 _0
K \h R h R )

(28)

so that the equilibrium points on the boundary are unstable, as
verified by numerical simulations later. For the parameter values of
Table 1, the region in Eq. (28) is a very thin strip. For applicable
values of & and w, for instance, when h=6s and w =4,
0 < w3 <0.0058 rad/s.

On the other hand, in the subtracted region of Eq. (28), the
characteristic equation results in a stable polynomial o = 0 being a
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stable equilibrium, so that the equilibria (0,0, +H,/I5,0)7 are
stable. Thus, only the minor-axis spins, including positive and
negative spins, are stable.

Itis noticeable that the larger the /2 and w, the thinner the instability
strip. In other words, larger parameters broaden the stable region as
well as slow down the convergence speed. The unstable region can be
escaped from under various types of disturbing torques, as discussed
in [2]. This results in essentially global convergence to stable
equilibrium points.

2. Numerical Examples

For understanding the behaviors and characteristics of the closed-
loop system with PNCI1, numerical examples are introduced.
Simulation parameters are given in Table 1, and the control voltage
saturation is e, = 10 V and e, = —10 V. The predictive control
parameters are specified as # = 6.0 s and w = 6.0. First, cases with
initial conditions starting near the four undesired closed-loop
equilibrium points are simulated. The equilibria for the specified
parameters are obtained as

=+ (1.7739,0.0712,0.0,29.0108)” rad/s
and

+ (0.0727,—-2.1084, 0.0, —12.5467)T rad/s

Figure 3 shows controlled trajectories in the angular momentum
space, with PNC1 beginning near the four unstable equilibria
(marked with circles). Each trajectory successfully reaches a minor-

Fig. 3 Nutation control starting near four undesired unstable
equilibria by PNC1 (circles, equilibrium points; solid lines, angular
momentum trajectories; squares, stable equilibria; dotted lines,
principal axes).

axis spin (marked with squares). As mentioned earlier, however,
inverted turns occur in Fig. 3, and a small difference of parameters or
the initial condition changes the final direction. Note that PNC1
slightly rotates the unstable equilibrium points and swaps the
characteristics of the major and the minor axes of the body just as the
linear feedback controller in [2]. The trajectories resemble closed
polhode paths from minor and intermediate axes drifting toward the
positive and negative major axes, respectively. PNC1, however,
changes the converging directions as well as switches and rotates the
equilibrium points so that the trajectories with symmetric equilibria
converge to the same direction. This is caused by the nonlinear
feedback terms in PNC1. The first cases in Fig. 3 need much longer
initial excitation time intervals to transition from the major to the
minor spin, while the second cases transition much earlier since the
second cases start in the vicinity of the repulsive open-loop inter-
mediate axis.

Next, a simulation is conducted for a recovery maneuver
from the flat-spin condition. The initial condition is set to
+(1.8,0,0,0)7 rad/s with the same control parameters. PNC1 is
compared with a Lyapunov linear feedback control in [12] in this
simulation. Performance properties such as the convergence speed,
maximum control voltage, and torques become totally different
according to the selection of design parameters in both PNC1 and the
Lyapunov control. Instead, a comparison reveals interesting charac-
teristics of PNC1 compared with the Lyapunov feedback control.
The Lyapunov control is given as

ey = —k(a,w, + 0, + 4w) + Now (29)

where « is an arbitrary constant, and «;(i = 1,2, 4) is combined by
moments of inertia and 6. The simulation results of PNC1 and the
linear feedback control are presented together in Figs. 4 and 5. The
feedback gains in Eq. (29) are appropriately chosen to match both
transition moments from the major spin to the minor. Figure 4 reveals
that PNC1 commands the wheel speed in the opposite direction to
Eq. (29) while it achieves the same goal. Also, PNC1 converges faster
than Eq. (29) to have much less nutation angle; at 400 s, the nutation
angle of PNCI is less than 0.006 deg, while that of Eq. (29) is about
2 deg, regardless of its final direction. In Fig. 3, the control voltage of
PNCI1 in the detumbling stage is much less than that of Eq. (29);
however, it has a larger peak voltage, and the body angular
momentum tends to be less than Eq. (29). In short, PNC1 has better
nutation angle reduction performance while its energy consumption
is less effective than the linear feedback control.

The body angular momentum magnitude of PNC1 in Fig. 5 is
much less than the total angular momentum for most of the
simulation time when PNC1 is engaged. The thin dotted lines of the
second graph in Fig. 5 are the body energy levels of pure spins about
the minimum, intermediate, and maximum axes for the given initial

G 2 - ; :
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0 100 200 300 400 500
% 5 : : : :
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3 5 L s s .
0 100 200 300 400 500
- 100 T T T T
B of ::::?::WMNM
S 100 ‘ ‘ ‘ ‘
0 100 200 300 400 500

Time (s)

Fig. 4 Angular velocities and the wheel speed for flat-spin recovery by
PNC1 and the linear feedback control.
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Fig. 5 Control voltage, kinetic energy, and body angular momentum
for flat-spin recovery by PNC1 and the linear feedback control.

condition. The kinetic energy of the body is also slightly less than the
body minimum energy before transition. Because of this strategy, the
control voltage in Fig. 5 imposed during initial excitation is relatively
small, and it becomes larger during the transition process. Such
characteristics can be mitigated by choosing larger w and smaller /.
Also, the convergence after 200 s develops much faster than the
excitation before 200 s because PNC1 has the second-order feedback
terms, as mentioned earlier. The state variable histories and the
control command are totally symmetric for the two opposite initial
conditions. The angular momentum trajectories in three-dimensional
(3-D) space are illustrated in Fig. 6, beginning in the opposite
directions (marked with circles), but both converge to the positive
minor-axis spin. Spin polarity after convergence by PNC1 is
investigated for various control weights w and prediction intervals A:
from 2 to 10 by 0.2 each. Nonconverging cases in 800 s are observed
because of the motor input voltage saturation constraint. As seen in
Fig. 7, the final spin direction is difficult to be predicted for given
parameters. The final direction especially alternates rapidly when /4 is
small, since the ratio of the interval and 4 itself is even bigger. This
behavior means the manifolds converging to each direction are much
narrower with these parameters so that the observed spin direction
change appears almost chaotic. The extent of chaoticity tends to
increase provided the energy dissipation and various types of
external torques are considered. Although it is beyond the scope of
this paper, [29,30] can be referred to for more study on dynamics and
control of chaotic motion of spinning spacecraft. Various initial
conditions also give similar results, which were already noticed in
[5], even if they are not presented here.
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Fig. 7 Final spin direction using PNC1 with various w and h.

B. Design Step 2: Using Outputs of Relative Degrees 1 and 2

To prevent an inverted turn from the spacecraft nutation control,
we adopt the dynamics of w; and the minor-axis spin direction
command. The output of the system is constructed as

W
Wy
w3
Q

(@) = = x(1) (30)

Three output variables with the relative degree 1 are controlled
directly by the control voltage while w; is excited via nonzero values
of the other states. The second-order derivative of ws is obtained as

L1105 = Los{(l, — 1) (I, — L)w; 4 (I, = 21, + 1) Kw, Q256
— K2Q%%6)
+ Los{—(I, — L), — L)wi — 21, — I, — ;)Ko,Qct
— K226}
+ %(Nw — ey {Psbw, — Bcbw, — (I; — I,) K2s0cH}

A
= 111,15(f33 + g33¢m)

The predicted output is expressed as

hfy hg,
hfy hg,
t+h)~y(t) + + e 31
¥( )~ y(t) W+ E £, B [ (31)
hfs hg,

We also define the output reference trajectory as r(f)=
[0, 0, wier (1), O], where ws,.¢(7) will be designed later to drive the
spin polarity to a desired direction. Defining the output weight as

2o 0
1o P 0
Q= 0 0 0
0 0 K2

-10
Fig. 6 3-D view of flat-spin recovery by PNCI1 starting at two opposite
initial conditions (marked with circles).

expands the cost function as

Jy =ML (t + 1)} + {Loy(t + h)Y + {I[w;(1 + h)
— Wyer (1 + WY + {KQUt + h)} + Wey)] (32)

which still implies a combination of the angular momentum
components. But, due to the third term, it seeks a solution minimizing
the angular momentum of the body relative to the reference angular
momentum in the b; axis with minimum control input. Conse-
quently, the opposite spin is distinguished and can be avoided.
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Adopting the control weight transform in Eq. (18) again and inserting
Eq. (31) yields Eq. (15) as
R : (-1 0 — Lw,s0 + KQ)
- —(—Lwch— Lw,s
Nw+2+n2gd/4) [ S

ey () =
N2
—{(l, — L)w,w;c0 + (I; — 1) w3w,50 + 27&7}

1
+ 3 {13(a)3 — W) + R — L)ww,

hz
—|—KQ(wQCG—wISQ)]+El3f33}g/33i| (33)
where

P % {(—Pw,s0 + Bwych + (I, — I,)KQs0c0}
112

Let us entitle the control law in Eq. (33) as PNC2. Comparing
PNC2 with PNC1 in Eq. (19), PNC2 additionally contains the inverse
of the state-dependent feedback gain added to the control weight w
and the third- and the fourth-order state feedback terms. A larger
prediction step reduces the feedback gain and increases the
contribution of the higher-order terms, which drastically boosts
nonlinearity in the control law. Interestingly, the predicted output
causes more prediction error when the prediction step is longer so
that the predicted output intrinsically induces a large feedback gain.
In this problem, a tumbling motion is periodic so that terms from the
first- and the second-order derivatives inherently generate periodic
harmonics magnified in the ratios of i and h?, respectively. The direct
feedback of Aw; also makes it possible to control the spin
orientation. Since !, is positive or negative, Aw; is larger only
when the sign of wj is opposite to the desired direction. This extends
the capability of this control law to the spin inversion control, since
either +H,/I; or —H,/I; become the exclusive global minimum of
the cost function J,.

1. Reference Generation for w; Tracking

The reference trajectory was not defined in the previous section.
PNC2 still works if we define ws,.; as a desired final value of w; and
not as a smooth trajectory, as we did for the other state variables by
defining them as zeros. However, due to Aw;, excessive control input
is observed before crossing the separatrix during recovery from a flat
spin, even if the overall recovery time is not shorter than that of PNC1
without Aw; feedback terms. This implies that a portion of the
constant, having zero frequency, of the input contributes little to the
initial tumbling motion from the major-axis spin while it determines
the final spin polarity. Therefore, a smooth reference trajectory of w;
is needed to prevent input saturation, considering its behavior in the
flat-spin motion.

State or output reference trajectories in the previous literature [22—
25] were designed almost arbitrarily, since spacecraft were equipped
with three-axis attitude control function. On the other hand, the
behavior of the angular velocities in the spinning spacecraft consid-
ered in this study is restricted, because it is controlled only by a single
reaction wheel. The controlled angular velocity trajectory possesses
a spiral-shaped polhode in the 3-D space, and w; exhibits a sigmoid-
shaped time history for which the center is around the moment of
transitioning from the major-axis spin to the minor crossing the open-
loop body separatrix. But, it is really difficult to predict when
crossing will happen, because the transition occurs around the
intermediate axis, so that if the curve once misses the transition there,
the trajectory traces at least about another half cycle, delaying the
transition process for about a half-nutation period and crossing the
separatrix in the opposite direction. Therefore, the transition
moments are not continuous even if the control design parameters
such as the prediction step and the control weight, or even the initial
conditions, vary continuously.

Hence, we propose an approach to generate an online reference
trajectory for w; rather than using a predesigned history. Since the
behavior of w; during flat-spin recovery resembles that of the

characteristic parameter in Eq. (11), it is employed for a reference
generation. Now, a reference trajectory is proposed as

1)~ I Hy

Li—1 I oY

wgl:ef (t) =

The behavior of the characteristic parameter is highly nonlinear and
difficult to predict. Meanwhile, since the prediction step is usually
designed smaller than the transition time interval, we may use the
current reference as a predicted one:

w}ref([ + h) ~ wgl:ef(z) (35)

Note that the reference trajectory need not satisfy the equation of
motion in Eq. (7).

2. Stability Analysis of the Control Law

As seen in Eq. (33), PNC2 is highly complicated, so closed-loop
system stability is difficult to prove. Instead, equilibrium points on
the b, b, plane are sought in this section, then convergence and
stability will be discussed through numerical studies in the next
section.

Equilibrium points are calculated by the same procedure used for
PNC1. Equations (20) and (21) are solved for e, in Eq. (33). First,
assuming w; = 0, the parallel angular velocity and momentum
condition in Eq. (20) is simplified to Eq. (22), while the stuck wheel
condition in Eq. (21) becomes

n-0=0 (36)
where

n=(1.1.14)"

I, wN? . L
= |:(E+_R—)C9_wgref2—lzse,

12 wN2 h 1213
(Z + T)SG + a)grefz—llce,

K wN? (I, —L)LK T
(2= ho 1 T2)T37 06h
(h—l— R )—I—wmf 20 cls

Solving Eqgs. (22) and (36) gives

I, -1
o750 + 0102{—'7109 + 7250 + ’74(1—K2)} — 035m0 =0
@37
Unlike for PNCI1, Eq. (37) has real roots when

L-1h
K

2
('7169—77259—774 ) + 4 nycls6 > 0 (38)

If Eq. (37) has imaginary solutions, there is no equilibrium point
on the b, b, plane. The orthogonal vector n of PNC2 deviates due to
o' . from  of PNC1. Under the condition of Eq. (38), 0; = 11,0,
and o;=v;0, (i=1, 4). We again arrive at the solutions:
(1103, 0,0, 1140,)" and +(v,0,, 05,0, v40,)".

When w; # 0, since Q =0, Eq. (20) is rewritten as

loy + Koyc0 Lo, + Koys0
[ o 0y o

I (39

Simplifying Eq. (21) with Eq. (22) and substituting Eq. (39), it
follows that

o 1 Ilc29+12329+1 +N2w 1+ 20 . 520
M AVAEY A2 R\K ' I,-I, LL—1L

1 I? I?
I 3 1 2
+ (03 — ¢ -
( 3 3ret)211]2 ([1 -L LI

+ Il —12)5060} = O

Thus, since 03 < H,/ I3, if
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w0 /U — L))+ [(1s?0)/ (I — 1) + 1} + [(N?w)/RI(1/K) + [0/, — L)[e*6/1, — ;)] + [s*0/ (1, — L)1}

et 13/211[2{[1%/(11 - L) - [I%/(Iz — L)+ 1, — L}stct

- 0
= |wglref _03| > r

0, =0, and (0,0, £H,/I5,0)7 are the only equilibrium points. In
fact, for the parameters in Table 1, 63 = —1112.7 rad/s.

Consequently, there exist six equilibrium points including the
desired final state. Stability of the six equilibrium points will be
discussed with the numerical simulation results in the following
section. Unlike for PNC1, the former four equilibria in this case and
the opposite point to the desired spin are unstable, and stable is the
only desired condition.

3. Numerical Examples

Because of the complexity of the closed-loop dynamics of
spacecraft with the predictive nutation controller, the essentially
global convergence of the system with PNC2 is addressed by
numerical examples. Simulation parameters and conditions identical
to those in the previous section are used. The four undesired
equilibria are obtained as

+ (1.8458, —0.2584, 0.0, —74.2517)7 rad/s
and

\ Initial

-5

-10 Initial

Initial

-10

Fig. 8 Nutation control starting near four undesired equilibria by
PNC?2 (circles, equilibrium points; squares, stable equilibrium).

+ (1.2380, —1.5973,0.0, —159.1621)" rad/s

Nutation control trajectories starting near the four equilibria on the
b, b, plane are presented in Fig. 8§, which verifies the four undesired
equilibria are dynamically unstable. It is noted that the third and the
fourth unstable equilibria have moved considerably toward the first
and the second, respectively, by PNC2, otherwise located in the
vicinity of the body intermediate axis. As a result, they trace one
swing around the body major axis, just as the trajectories of the other
two. This means the control law of PNC2 in Eq. (33) distorts the
stable manifolds on the ellipsoid and merges the polhode paths
initially toward the negative minor axis to those toward the positive
minor axis. Therefore, unlike in Fig. 3, the four trajectories converge
to the positive spin for ws.; = H,y/I5. This phenomenon is partially
observed in PNC1 as well. In the 3-D view of PNC1 in Figs. 3 and 6, it
can be seen that the two paths mingle in the spiral shapes from the
opposite equilibria toward the same direction. This implies that
PNC1 breaks the symmetry of the open-loop system manifolds about
the origin and rearranges the convergence polarity of the closed-loop
manifolds, unlike the linear control in [2].

Recovery from the flat-spin condition is also simulated. Figure 9
compares simulation results with two different references: case 1)
thin lines for w;,; = Hy/I; and case 2) thick lines for the online time-
varying reference of Eq. (34). The spin transition of case 2 is
completed in about 150 s, while that of case 1 is completed in about
200 s. Case 1 imposes much more control input on the system during
initial excitation so that the wheel speed saturates around —100 rad/s
due to control voltage saturation. The smooth online reference
trajectory reduces control input and torques with faster transition.
Compared with PNC1, PNC2 tends to generate more input voltage
and exhibits correspondingly faster convergence, as seen in Fig. 10.
When a smaller maximum control voltage is allowed, we may select
smaller / and larger w, which tend to slow down the convergence
speed and reduce the maximum input. Because PNC2 with a small &
behaves just as PNC1, it enables more design flexibility in the control
law than PNC1. Figure 11 depicts angular momentum trajectories
beginning on the two opposite major-axis spin conditions marked
with circles, which are also perfectly symmetric. In Fig. 12, the
nutation angles are presented in the logarithmic scale altogether:
Lyapunov control, PNC1, and PNC2 with the constant and the online
references. The nutation angle of PNC2 with the online reference

@ 2 . . .
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£ 0OF —— w/ Online Ref ]
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Fig. 9 Angular velocities and wheel speeds for flat-spin recovery by
PNC2 with a final value reference (thin broken lines) and with the online
time-varying reference (thick broken line).
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Fig. 10 Control voltage, kinetic energy, and body angular momentum
for flat-spin recovery by PNC2 with constant and online references.

-10
Fig. 11 3-D view of flat-spin recovery by PNC2 with the online
reference starting at two opposite initial conditions (marked with
circles).

after 450 s is not given due to numerical accuracy limit of the digit.
For convenience of comparison, the nutation angle for the Lyapunov
control was calculated with respect to the negative spin axis. The
decreasing ratio of the Lyapunov control is much slower than that of
the other PNCs. PNC2, however, interestingly shows a similar

104
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Nutation Angle (deg)

Time (s)

Fig. 12 Nutation angles of Lyapunov control, PNC1, and PNC2 with
the constant and the online references in the logarithmic scale.
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Fig. 13 Final spin direction using PNC2 with various w and h.

convergence speed with PNC1 once PNC2 transitions to the desired
spin direction. The online reference also only accelerates the escape
from the flat spin.

Polarity control of PNC2 is verified for various w and % in Fig. 13.
Because PNC2 exerts more input, and the control saturation limit is
assumed, the nonconverging parameter conditions are increased.
Meanwhile, every converging direction is shown to be the positive
about the minor axis under a positive ws;.
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Fig. 14 Angular velocities and the wheel speed of spin inversion by
PNC2 with a constant reference.

10 ‘ ‘ ‘ ‘
= o-—-«mMMM/WW U \"‘WWWW"‘M”“‘”—
=
[0)
10 ‘ ‘ ‘ ‘
0 100 200 300 400 500
20 ‘ ‘ ‘ ‘
~ 1o} 1
0 100 200 300 400 500
85| ‘ ‘ MP ‘ ‘ ]
I-D

0 100

200

300

400

500

Time (s)
Fig. 15 Control voltage, kinetic energy, and body angular momentum
of spin inversion by PNC2.
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Fig. 16 3-D view of spin inversion by PNC2 with separatrices (thick
solid lines).

We now present a spin inversion maneuver by PNC2 with
Xo = (0.01,0.0,—1.8,0.0)7 rad/s. In the case of the exact pure spin
about the minor axis in the negative direction, the transverse wheel
cannot control the vehicle to change its orientation due to unstable
equilibrium. It is, however, easily perturbed by an arbitrary wheel
spin or external disturbance torques. The reference is defined as
r(t) = (0,0, Hy/I5,0)". Defining ws,;(f) = Hy/I; is the key to
make the negative axis spin unstable and the positive minor-axis spin
stable. In Fig. 14, w; increases from the negative to the positive
command. All the states and variables in Fig. 15 are almost
symmetric around when w; =0. A 3-D view of the angular
momentum trace is visualized in Fig. 16 with body separatrices
crossing in the vicinity of the intermediate axis.

In the problem description, it is assumed that the wheel is
orthogonal to the desired spin axis and that the spacecraft moment of
inertia is perfectly known. To investigate the robustness of the control
law, numerous simulations are conducted for a variety of system
model errors. It is summarized in Tables 2—4 whether the systems

Table 2 Robustness test case 1: 0,,.,./0

0.5 0.8 1.5 2.0
PNC1 Converged Converged Converged Converged
PNC2 Converged Converged Converged Converged
Table 3 Robustness test case 2: wheel misalignment out of
the b,b, plane (deg)
—20 -9 9 20
PNC1 Converged  Converged Converged Converged

PNC2 Nonconverged Converged Converged Converged
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Fig. 17 Angular velocities and the wheel speed for flat-spin recovery by
PNC1 and PNC2 under system uncertainties.
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Fig. 18 Control voltage, kinetic energy, and angular momentum for
flat-spin recovery by PNC1 and PNC2 under system uncertainties.

with PNC1 and PNC2 converge when recovering from the flat spin in
800 s with identical control parameters under various system
uncertainties. PNC1 is considered as convergent when either of the
positive or negative spins are achieved. As shownin case 1 of Table 2,
both PNC1 and PNC2 are not sensitive to the error of the alignment
angle itself. Meanwhile, PNC1 in case 2 converges for a wider range
of out-of-plane misalignment of the reaction wheel than PNC2. This
characteristic is more evident for uncertainties of the moment of
inertia. PNCI is convergent in all cases as long as /5, is the actual
minor axis. When I, /I, = 0.6, the actual minor axis changes to I,
from I3, and PNC1 does not converge. On the other hand, the
convergence region of PNC2 is largely restricted. PNC2 in a
nonconverging case results in nonexcited or anomalously resonant

Table 4 Robustness test case 3: moment-of-inertia errors

0.6 0.9 1.1 1.5

I] true/Il

PNC1 Converged Converged Converged Converged

PNC2 Nonconverged Converged Nonconverged Nonconverged
IZIrue /12

PNC1 Nonconverged Converged Converged Converged

PNC2 Nonconverged Nonconverged Converged Nonconverged
I 3true / 1 3

PNC1 Converged Converged Converged Converged

PNC2 Converged Converged Converged Nonconverged
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Fig. 19 Angular velocities and the wheel speed for spin inversion by
PNC2 under system uncertainties.
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Fig. 20 Control voltage, kinetic energy, and angular momentum for

spin inversion by PNC2 under system uncertainties.

states, which is considered due to the complexity and polarity
distinction of PNC2.

Finally, we present a simulation result under combined system
uncertainties. Itis assumed that 0. /6 = 1.1, the wheel orientation is
10 deg out of the b, b, plane, and /. = 1.11}, I = 0.951,, and
L3 = 1.0815 [2]. The following simulation results demonstrate the
robustness of PNC1 and PNC2 against system uncertainties for both
flat-spin recovery and spin inversion, as shown in Figs. 17-20.
Because of uncertainties, tumbling and converging times of PNC2
are elongated with more control input while those of PNC1 shorten a
little. It is noted the final body angular momentum is larger than the
nominal value in Fig. 18. The spin inversion maneuver, however,
does not show much difference from the case without uncertainties,
since the required excitation level of kinetic energy is lower, as shown
in Figs. 19 and 20, than in the flat-spin case.

V. Conclusions

This paper presented an integrated approach to nutation and spin
inversion control problems by means of a predictive control for spin-
stabilized spacecraft about the minor axis with a single transverse
wheel. Since the nutational motion is determined by the ratio of the
angular momentum and the kinetic energy, the predictive cost
function to be minimized was designed in the dimension of angular
momentum. Then, a two-step strategy was applied to achieve this
goal: in the first step, a nonlinear feedback control law was designed
to reduce undesired angular momentum components. In the second
step, the control law was augmented with desired axis polarity terms

using the explicit map between the control and the minor-axis
angular velocity, which extended the controllable nutation angle to
nearly 180 deg. Design parameters of the predictive control, such as
the output and the control weights, the prediction horizon, and
reference trajectories, were newly designed and constructed
correspondingly.

Analysis and numerical studies disclosed that two parameters can
be designed freely for desired convergence speeds and shapes: the
prediction time step and the nondimensionalized control weight.
Properly selected, the nonlinear predictive control may act as a linear
oreven a highly nonlinear control, which enables various voltage and
control torque profiles.

Investigating behaviors in the vicinity of the equilibrium points
revealed that the proposed nonlinear control laws switch the minor-
and the major-axis convergence properties and rearrange the stable
polhode paths to the minor axis. Furthermore, the second controller
reconstructs all the spiral polhode paths toward the desired minor
axis by distorting the stable manifolds. It was shown essentially
globally stable to a desired spin polarity, including flat-spin recovery
and the spin orientation inversion maneuver. Simulation results
further demonstrated the robustness of the proposed predictive
nutation control against system uncertainties, such as the moment of
inertia and the wheel alignment errors.
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